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A Pair in a Crowd of Unit Balls
K. HOSONO, H. MAEHARA AND K. MATSUDA
Let F be a family of mutually nonoverlapping unit balls in the n-dimensional Euclidean space
Rn . The distance between the centres of A, B ∈ F is denoted by d(A, B). We prove, among others,
that if d(A, B) < 4 and n ≥ 5, then A and B are always visible from each other, that is, a light ray
emanating from the surface of A reaches B without being blocked by other unit balls. Furthermore,
if d(A, B) <
√
2dn/2e, then any small “shake’ of F can make A, B visible from each other.
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1. INTRODUCTION
A unit ball with centre p in the n-dimensional Euclidean space Rn is the set {x ∈ Rn :
||x − p|| ≤ 1}. By ‘packing’ unit balls in Rn , we mean to place unit balls in Rn without
overlapping. The resulting family of unit balls is also called a packing of unit balls in Rn .
An ε-shake of a packing F is a packing obtained by translating each ball in F independently
through the distance at most ε.
A problem of L. Fejes To´th asks the smallest number of unit balls necessary to be packed
around a unit ball B in order to block all light rays emanating from the ball B. This number is
known to be finite in any dimension n, and an upper bound of this number is given by Zong,
see [2, p.189].
In this paper, we consider blocking light rays emanating from a unit ball before they reach
another distinguished unit ball by packing other unit balls. Let A, B be a pair of disjoint unit
balls in Rn . The distance between the centres of A, B is denoted by d(A, B). A line-segment
connecting a point of A and a point of B is called an AB-line and denoted by `AB . Let C
be a unit ball in Rn that overlaps none of A, B. If C intersects an `AB , then C is said to lie
between A and B. Let F be a family of unit balls packed between A and B. In the packing
{A, B} ∪ F of unit balls, the pair A, B are said to be visible from each other if there remains
an AB-line that intersect none of F , otherwise, A and B are said to be concealed from each
other by F . Furthermore, A and B are said to be stably concealed from each other by F , if
there is an ε > 0 such that in any ε-shake of {A, B} ∪ F , A and B are concealed from each
other. It depends on the distance d(A, B) whether A and B can be concealed from each other
by packing unit balls between them or not. Let δ(n) be the infimum of x > 0 satisfying the
following condition.
(∗) For a pair of disjoint unit balls A, B in Rn , d(A, B) > x implies that A and B can be
concealed from each other by packing unit balls between them.
Similarly, let δs(n) be the infimum of x satisfying (∗) while replacing ‘concealed’ by ‘stably
concealed’. It is clear that δ(n) ≤ δs(n) and δ(n) ≤ 4.
If d(A, B) < 2
√
3, then no unit ball packed between A and B can intersect the line-segment
connecting the centres of A, B, as easily verified. Hence we have
2
√
3 ≤ δ(n) ≤ 4.
It is also clear that
δ(1) = δs(1) = 4 and δ(2) = 2
√
3.
We prove the following:
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THEOREM 1. δs(2) =
√
2+√6.
THEOREM 2. δs(3) < 4.
THEOREM 3. For n ≥ 5, δ(n) = 4 and√2dn/2e ≤ δs(n) < 2n + 4.
PROBLEM. δ(3) =? δ(4) = 4?
If d(A, B) ≥ 4, then to conceal A and B from each other, just one unit ball is sufficient,
in any dimension n. Then, to conceal stably A and B in Rn from each other, how many
unit balls are necessary, provided that d(A, B) is sufficiently large? Let νs(n, d) denote the
minimum number of unit balls necessary to conceal stably A and B in Rn from each other
when d(A, B) = d , and let νs(n) = lim
d→∞ νs(n, d).
THEOREM 4. νs(n) = n for all n ≥ 1.
2. A SHAKE OF A PACKING
Let A, B be a pair of disjoint unit balls in Rn . If `AB passes through the interior of C , then
the `AB is said to be stably blocked by C .
LEMMA 1. Let F be a family of unit balls packed between A and B. Suppose that every
AB-line is stably blocked by some ball in F . Then there is an ε0 > 0 such that for any `AB ,
the maximum value of the length of C ∩ `AB (C ∈ F) is at least 2ε0.
PROOF. Suppose that the lemma does not hold. Then, there are line-segments ui vi (ui ∈
A, vi ∈ B), i = 1, 2, 3, . . ., such that for each ball C ∈ F , the length of C ∩ ui vi tends to 0
as i → ∞. Since A is compact, the sequence {ui } has a subsequence {uik } that converges to
a point u∞ ∈ A. Similarly, {vik } has a subsequence that converges to a point v∞ ∈ B. Then,
for each ball C ∈ F , the length of C ∩ u∞v∞ is zero. This implies that the AB-line u∞v∞ is
not stably blocked by any ball in F , a contradiction. 2
THEOREM 5. In a packing {A, B} ∪ F of unit balls, the following (1), (2) are equivalent:
(1) all AB-lines are stably blocked by F;
(2) A and B are stably concealed from each other by F .
PROOF. (1) H⇒ (2). Suppose that (1) holds. Then by the above lemma, there is an ε0 > 0
such that for every `AB , the maximum value of the length of C ∩ `AB (C ∈ F) is at least 2ε0.
Here, we note the following two facts:
(a) if the length of the intersection of a line-segment and a unit ball is at least 2ε0, then
the minimum distance from the centre of the unit ball to the line-segment is at most√
1− ε20;
(b) if each of three points u, v,w are displaced independently within distance ε, then the
minimum distance from w to the line-segment uv changes by at most 2ε.
If we take a positive ε less than
(
1 −
√
1− ε20
)
/2, then it follows from (a), (b) that in any
ε-shake of {A, B} ∪ F , all AB-lines are stably blocked, and hence A and B are concealed
from each other.
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(2) H⇒ (1). Suppose that (1) does not hold. Then, there is an AB-line uv (u ∈ A, v ∈ B)
that is not stably blocked. Let ε be an arbitrary positive number. First translate A in the di-
rection −→vu through the distance ε, and translate B in the direction −→uv through the distance ε.
Next, translate each C ∈ F in the following way: let c be the centre of C and p be the foot
of perpendicular from c to uv. (Since uv is not stably blocked by C , we have ||c − p|| ≥ 1.)
Translate C in the direction −→pc through the distance ε.
Then we have an ε-shake of {A, B} ∪ F . In this packing, A and B are visible from each
other along the line uv. Hence (2) does not holds. 2
COROLLARY 1. Suppose that in a packing {A, B} ∪ F of unit balls, A and B are stably
concealed from each other. Then there is an ε1 > 0 such that in any ε1-shake of {A, B} ∪ F ,
all AB-lines are stably blocked. 2
3. TWO SCREENS IN THE PLANAR CASE
Let A, B,C, D, E represent mutually nonoverlapping unit disks in the plane. First, we de-
fine two types of special arrangements of unit disks between a pair of disjoint unit disks A, B.
• A 2-screen between A, B is a pair of unit disks C , D packed between A, B in such
a way that: (1) C touches D at a point p; and (2) the common tangent line ` of C, D
through p is tangent to one of A, B and cuts the other, see Figure 1.
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FIGURE 1. A 2-screen {C, D}.
• A 3-screen between A, B is a set of three unit disks C, D, E packed between A and B
in such a way that all C, D, E are tangent to the same line-segment `AB in the order
C–D–E , with C, E from the same side of `AB , and D from the opposite side of `AB ,
see Figure 2.
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FIGURE 2. A 3-screen {C, D, E}.
LEMMA 2. If there is a 2- or 3-screen between A and B, then d(A, B) ≥ √2+√6.
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PROOF. Suppose that there is a 2-screen {C, D} as in Figure 1. Slide A, if possible, along
the line ` till it touches the disk C , and move B toward C and D till it touches both C, D.
Then the distance d(A, B) clearly decreases. Let a,b, c,d denote the centres of the disks
A, B,C, D in the final positions. Then, by the cosine law,
||a− b||2 = ||a− c||2 + ||b− c||2 − 2||a− c|| ||b− c|| cos(90◦ + 60◦)
= 8+ 8 cos 30◦ = 8+ 4√3.
Hence ||a− b|| =
√
8+ 4√3 = √2+√6. Thus, d(A, B) ≥ √2+√6.
Now, suppose that there is a 3-screen {C, D, E} as in Figure 2. By sliding C and E along
the common tangent line we may assume that C and E are tangent to each other. Move A and
B and try to make them as close as possible while keeping the condition that {C, D, E} is
still a 3-screen between them. Then A will touch both C, D, and B will touch both D, E . Let
a,b, c,d, e be the centres of the five disks in the final positions. We have
||a− c|| = ||a− d|| = ||c− e|| = ||d− b|| = ||e− b|| = 2,
||c− d|| ≥ 2, ||d− e|| ≥ 2.
Let p be the foot of perpendicular from d to the line ce. Then ||p− d|| = 2. Let x = ||c− p||.
Then 0 ≤ x ≤ 2 and ||e− p|| = 2− x , see Figure 3.
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FIGURE 3. An extremal case with a 3-screen.
Let θ(x) = ∠adc, ϕ(x) = ∠cde, τ (x) = ∠edb. Then
θ(x) = cos−1
√
4+ x2
4
, τ (x) = cos−1
√
4+ (2− x)2
4
.
Notice that ϕ(x) = ϕ(2− x) and ϕ(x) ≥ ϕ(0) = ϕ(2) = pi/4. Let F(x) = θ(x)+ τ(x) (0 ≤
x ≤ 2). Then F(x) = F(2− x) and since
F
′′
(x) = −(x
4 + 48)√
(12− x2)3(x2 + 4)3 < 0,
we have F(x) ≥ F(0) = F(2) = pi/3+ pi/4. Thus,
θ(x)+ ϕ(x)+ τ(x) ≥ pi/3+ pi/4+ pi/4 = 5pi/6.
Therefore, by the cosine law, we have ||b− a|| ≥ √2+√6. 2
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4. PROOF OF THEOREM 1
Let A, B be a pair of disjoint disks in the plane. If d(A, B) ≥ √2 + √6, then we can put
a 2-screen between A and B. If d(A, B) >
√
2+√6, then we can slant the 2-screen slightly
so that it stably blocks all AB-lines. Hence δs(2) ≤
√
2+√6.
We proceed to the proof of δs(2) ≥
√
2+√6. We may suppose that A is centred at the origin
(0, 0) and B is centred at (x, 0). Let `1 be the line-segment connecting (0,−1) to (x,−1),
and let `2 be the line-segment connecting (0, 1) to (x, 1). The convex hull of A∪ B is denoted
by conv(A ∪ B). Let D be a family of unit disks packed between A and B in order to block
the AB-lines. For i = 1, 2, let Di be the set of disks in D that are cut by the line-segment `i .
Define b(Di ) and c(Di ) as follows:
b(Di ) : the set of p ∈ conv(A∪B)− A∪B such that every `AB passing through
p intersects some disk in Di ;
c(Di ) : the set of p ∈ conv(A ∪ B)− A ∪ B such that an `AB passing through
p intersects no disk in Di .
See Figure 4. The sets b(Di ), i = 1, 2, are called the banks. For each i = 1, 2, the pair
b(Di ), c(Di ) are complementary to each other in conv(A∪ B)− A∪ B. The curve separating
these two sets (that is, the set of the common boundary points of b(Di ) and c(Di )) is denoted
by γi .
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FIGURE 4. A bank.
REMARK 1. Both γ1, γ2 are continuous curves, and γ1 is convex upwards, γ2 is convex
downwards.
Note also that the curve γi consists of line-segments and circular arcs, and when we trace
the curve in a direction, line-segments and circular-arcs appear alternately, starting with a
line-segment and ending with a line-segment. The line-segments in γi are called the edges of
the bank b(Di ). The edges at the both ends of γi are called the end-edges, and the remaining
edges are called the intermediate edges (in Figure 4, the bank b(D1) has only one intermediate
edge.)
Note that if d(A, B) < 4, then no unit disk in D touches both line-segments `1, `2. Now
the next lemma will be clear from Remark 1.
LEMMA 3. Suppose that d(A, B) < 4. If all AB-lines are stably blocked by the disks in D
then the two banks b(D1), b(D2) overlap each other. 2
Thus we may assume that b(D1) and b(D2) overlap each other. This implies that either
a disk in D1 overlaps b(D2) or a disk in D2 overlaps b(D1). Suppose that a disk D in D2
overlaps b(D1). Then D intersects one of the edges of b(D1). If D intersects an end-edge that
is tangent to a disk C ∈ D1, then, removing the disks in D − {C, D}, and moving C and D
slightly, we can make a 2-screen between A and B. Hence d(A, B) ≥ √2+√6 by Lemma 2.
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If D intersects an intermediate edge that is tangent to a pair of disks C and E , then, removing
the disks in D − {C, D, E}, and moving D slightly, we can make a 3-screen between A and
B. Hence d(A, B) ≥ √2+√6 by Lemma 2. 2
5. PROOF OF THEOREM 2
Let A, B be a disjoint pair of unit balls in R3. First, we show that if d(A, B) = 4, then it is
possible to pack unit balls between A and B so that all AB-lines are stably blocked. Consider
the family of 11 unit balls described in the following table:
Unit ball Centre Unit ball Centre
A (0, 0, 0)
C1 (
√
3, 0, 1) E1
(√
3
2 ,
√
3
2 , 3
)
C2 (0,
√
3, 1) E2
(
−
√
3
2 ,
√
3
2 , 3
)
C3 (−
√
3, 0, 1) E3
(
−
√
3
2 ,−
√
3
2 , 3
)
C4 (0,−
√
3, 1) E4
(√
3
2 ,−
√
3
2 , 3
)
D (0, 0, 2) B (0, 0, 4)
This family is a packing. Figure 5 shows the orthogonal projections of these 11 balls on the
xy-plane. Since the centres of A, D, B lies on the z-axis, an `AB that is not stably blocked
by D must be tangent to D and parallel to the z-axis. Therefore, the orthogonal projection of
such an `AB on the xy-plane is a point on the unit circle centred at the origin in the xy-plane.
Since this unit circle is completely covered by the projections of the eight balls Ci , Ei (i =
1, 2, 3, 4) (see Figure 5, you can also check this fact by calculation), we can deduce that all
AB-lines are stably blocked by the nine balls.
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FIGURE 5. Projection on the xy-plane.
Now, we show that δs(3) < 4. Since all AB-lines are also stably blocked by F := {C1, . . . ,
C4, D, E1, . . . , E4}, it follows from Corollary 1 that there is an ε > 0 such that in any ε-shake
of {A, B} ∪ F , all AB-lines are stably blocked.
Let p = (0, 0, 1), q = (0, 0, 3) and let ci be the centre of Ci , ei be the centre of Ei .
Translate each Ci through the distance ε in the direction −→pci , and translate each Ei through
the distance ε in the direction −→qei . Translate D so that its centre comes to (0, ε, 2). These
translations yield no overlapping. The ball A is then no longer tangent to Ci s and D. Similarly,
B is not tangent to Ei s and D. Therefore, we can move A toward B slightly, and move B
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toward A slightly. The resulting family is an ε-shake of the original family {A, B}∪F . In this
ε-shake, d(A, B) < 4 and all AB lines are stably blocked. 2
6. AN UPPER BOUND OF δs(n)
LEMMA 4. δs(n) < 2n + 4.
PROOF. Let A, B be unit balls in Rn (n ≥ 2) with centres
(0, 0, . . . , 0, 0), (0, 0, . . . , 0, h),
respectively, where h ≥ 2n + 4. We regard Rn as Rn−1 × R, and denote a point of Rn by
(x, xn), x ∈ Rn−1. Let
e1 = (1, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0), . . . , en−1 = (0, . . . , 0, 1),
and en =
( −1√
n − 1 ,
−1√
n − 1 , . . . ,
−1√
n − 1
)
be n points in Rn−1. Let S be a unit sphere in Rn−1 centred at the origin o. Then for each
x = (x1, x2, . . . , xn−1) ∈ S, there is an i such that x · ei > 0. Define a map f : S→ R by
f (x) = max
i
x · ei .
Then f (x) > 0 for every x ∈ S, and f is a continuous map. Since S is compact, the minimum
value of f (x) (x ∈ S) exists. Let
ε = min
x∈S f (x).
Then 0 < ε ≤ 1/√n − 1. (The value of f at −en ∈ S is 1/
√
n − 1.) Let Ci be the unit
ball in Rn with centre (εei , 2i), i = 1, 2, . . . , n and D be the unit ball in Rn with centre
(o, 2n + 2). Then the family of unit balls A, B, Ci (i = 1, 2, . . . , n), D, is a packing. Let
ϕ : Rn → Rn−1 be the map (projection) defined by ϕ(x, xn) = x. Since the centres of
A, D, B lie on the xn-axis, every AB-line that is not stably blocked by D is tangent to D and
parallel to the xn-axis. Hence, ϕ sends such an AB-line to a point on the boundary ∂ϕ(D)
of ϕ(D). Note that ∂ϕ(D) = S, and ϕ(Ci ) are unit balls in Rn−1. We assert that every point
x ∈ S is an interior point of some ϕ(Ci ).
To see this, suppose f (x) = x · e j . Then ||x − εe j ||2 = ||x||2 + ε2 − 2ε f (x) ≤ 1 + ε2 −
2ε2 < 1. Hence x is an interior point of ϕ(C j ). Thus, every AB-line not stably blocked by
D passes through the interior of some Ci , and hence all AB-lines are stably blocked. Since
there is a small gap between A and C1, we have δs(n) < h. By putting h = 2n + 4, we have
δs(n) < 2n + 4. 2
In the above proof, the centre of ϕ(D) = ϕ(B) is an interior point of every ϕ(Ci ), and hence,
every radius of ϕ(B) is contained in the interior of some ϕ(Ci ). Therefore, every AB-line
parallel to the xn-axis is stably blocked by some Ci . If we take a very large number as h, then
every AB-line becomes nearly parallel to the xn-axis. In this case, the ball D is redundant, and
A, B are stably blocked by the n unit balls C1, . . . ,Cn . Thus, we have the following corollary.
COROLLARY 2. Let A, B be unit balls in Rn . If d(A, B) is sufficiently large, then A, B are
stably concealed from each other by packing n unit balls between them. 2
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7. COVERING A UNIT BALL WITH UNIT BALLS
LEMMA 5. Let A, B0, B1, . . . , BN be N + 2 distinct unit balls in Rn , and suppose that
A ⊂ B0 ∪ B1 ∪ · · · ∪ BN .
Then there is a point p ∈ A that belongs to at least n + 1 balls of B0, B1, . . . , BN (therefore
N ≥ n.)
PROOF. We may suppose that A is centred at the origin o = (0, . . . , 0). Let bi denote
the centre of Bi (i = 0, 1, . . . , N ). Consider the Voronoi decomposition of Rn generated
by b0,b1, . . . ,bN , and denote by V (bi ) the Voronoi region of bi . We may assume that
o ∈ V (b0), and b0 = (−λ, 0, . . . , 0) for some λ > 0.
Here, we remark that any point q = (x1, . . . , xn) with x1 > 0 lying on the boundary ∂A of
A does not belong to V (b0). This can be seen as follows: since ||q−b0|| is greater than 1, q is
contained in some other Bi , i 6= 0. Hence ||q− bi || ≤ 1 < ||q− b0||, and hence q 6∈ V (b0).
Thus o and q belong to different Voronoi regions.
Now, put q = (1, 0, . . . , 0). Then, there must be a face F1 of V (b0) that intersects the line-
segment oq. If F1 is not a zero-dimensional face (that is, not a vertex) of V (b0), we can choose
a nonzero vector v1 on the face F1 such that v1 ·−→oq ≥ 0. When we go in the direction v1 on the
face F1, the x1-coordinate is nondecreasing, and hence, before we reach the boundary ∂A, we
must meet another face F2 with dim F2 < dim F1, by the above remark. If dim F2 > 0, then
we can choose a nonzero vector v2 on F2 such that v2 · −→oq ≥ 0. When we go in the direction
v2 on the face F2, we must meet another face F3 with dim F3 < dim F2 before we reach the
boundary ∂A. Repeating in this way, we finally come to a vertex p of V (b0) lying in A. To
determine a vertex as the intersection of hyperplanes, at least n hyperplanes are necessary.
Hence at least n ‘facets’ of V (b0) must meet at p. Each of these facets is also a facet of a
Voronoi region neighbouring V (b0). Thus, p is a common vertex of at least n + 1 Voronoi
regions. We may suppose that p is common to V (bi ), i = 0, 1, . . . , n. Then ||p−bi || ≤ 1 for
i = 0, 1, . . . , n, and hence p ∈ Bi for i = 0, 1, . . . , n. 2
8. UNIT BALLS MEETING A GIVEN LINE-SEGMENT
The three-dimensional case of the next theorem was a contest problem posed by L. Fejes-
To´th and A. Happes, see Problem 7 in [1, Chapter 1]. We present here a short proof in the
general case.
THEOREM 6. Suppose that mutually nonoverlapping m unit balls in Rn (n ≥ 2) intersect
the xn-axis with their centres lying between the hyperplanes xn = 0 and xn = h. Then
m ≤ 2bh/√2c + 2.
LEMMA 6. Let A, B,C be mutually nonoverlapping unit balls in Rn (n ≥ 2), each in-
tersecting the xn-axis. Suppose that their centres lie between the hyperplanes xn = 0 and
xn = d. Then d ≥
√
2.
PROOF. We may suppose that the centres of A, B,C are
(a, 0), (b, x), (c, d) (a, b, c ∈ Rn−1, 0 ≤ x < d),
respectively. Since A, B,C are nonoverlapping,
||a− b||2 + x2 ≥ 4 (1)
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||c− b||2 + (d − x)2 ≥ 4 (2)
||c− a||2 + d2 ≥ 4. (3)
Since A, B,C intersect the xn-axis, we have ||a|| ≤ 1, ||b|| ≤ 1, ||c|| ≤ 1. Hence
||a− b||2 + ||a+ b||2 ≤ 4 (4)
||c− b||2 + ||c+ b||2 ≤ 4. (5)
From (1) and (4), we have x2 − ||a + b||2 ≥ 0, and hence x ≥ ||a + b||. Similarly, from (2)
and (5), we have d − x ≥ ||c+ b||. Therefore d ≥ ||a+ b|| + ||c+ b||. Then, by the triangle
inequality,
||a+ b|| + ||c+ b|| = ||a− (−b)|| + ||c− (−b)|| ≥ ||c− a||.
Thus d ≥ ||c− a||. Now, by (3), 2d2 ≥ 4, and d ≥ √2. 2
PROOF OF THEOREM 6. Let k = bh/√2c. For ε > 0, put
d0 = −ε, d1 = d0 +
√
2, d2 = d1 +
√
2, . . . , dk+1 = dk +
√
2.
It is possible to choose ε > 0 so that: (i) dk < h < dk+1; and (ii) each hyperplane xn = di
contains none of the centres of the m balls. Then, by Lemma 6, at most two of the centres lie
between the hyperplanes xn = di and xn = di+1 (i = 0, 1, . . . , k). Hence m ≤ 2(k + 1) =
2bh/√2c + 2. 2
9. PROOFS OF THEOREMS 3 AND 4
LEMMA 7. Let A, B be a pair of unit balls in Rn with centres (0,0, . . . ,0) and (0, . . . ,0,h),
respectively, and let F be a family of unit balls packed between A and B. Suppose that no ball
in F has the centre on the xn-axis, and that A and B are concealed from each other by F .
Then there is an AB-line parallel to the xn-axis that intersects at least n balls in F .
PROOF. Let ϕ : Rn → Rn−1 be the projection (x1, . . . , xn−1, xn) 7→ (x1, . . . , xn−1).
Since all AB-lines parallel to the xn-axis must be blocked by F , the unit ball ϕ(B) in Rn−1
is covered by the family {ϕ(C) : C ∈ F}. Then, by Lemma 5, there is a point p ∈ ϕ(B) that
belongs to at least n unit balls ϕ(C), C ∈ F . Therefore, at least n balls C ∈ F intersect an
AB-line parallel to the xn-axis. 2
PROOF OF THEOREM 3. Let A, B be unit balls in Rn with centres (0, 0, . . . , 0) and
(0, . . . , 0, h), respectively. Suppose that A, B are concealed from each other by F .
First, suppose d(A, B) < 4. Then, no balls in F can have the centre on the xn-axis. Hence,
by Lemma 7, there is an AB-line parallel to the xn-axis that intersects at least n balls in F .
Then, taking A, B into account, this line segment intersects at least n + 2 unit balls. Hence
by Theorem 6, 2bh/√2c + 2 ≥ n + 2, and bh/√2c ≥ n/2. Hence bh/√2c ≥ dn/2e, and
h ≥ √2dn/2e. Thus, if h = d(A, B) < 4 then n ≤ 4. Therefore we have δ(n) ≥ 4 for n ≥ 5.
Since δ(n) ≤ 4 for every n, we have δ(n) = 4 for n ≥ 5.
Next, suppose that A, B are stably concealed from each other byF . Considering an ε-shake
if necessary, we may suppose that no balls in F has the centre on the xn-axis. Then we have
h ≥ √2dn/2e. Hence δs(n) ≥
√
2dn/2e. The inequality δs(n) < 2n + 4 is Lemma 4. 2
PROOF OF THEOREM 4. Suppose a pair of unit balls A, B in Rn are stably concealed from
each other by a family F of unit balls packed between them. Then, by Lemma 7, there is
an AB-line that intersects at least n balls in F . Hence, νs(n) ≥ n. On the other hand, by
Corollary 2, δs(n) ≤ n. 2
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